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Abstract. The complex manifold CP" x CP"+-'^ with symplectic form o-^ = 
fCP" + fJ-Ccpn+i , where crcpre and (Tj,p„+i are normalized Fubini-Study forms, 
n G N and ^ > 1 a real number, contains a natural Lagrangian sphere L>^. We 
prove that the Dehn twist along is symplectically isotopic to the identity 
for all > 1. This isotopy can be chosen so that it pointwise fixes a complex 
hypersurface in CP" X CP"+l and lifts to the blow-up of CP" X CP"+l along 
a complex n-dimensional submanifold. 

1. Introduction 

Suppose L is a Lagrangian sphere in a symplectic manifold (M, w). The general- 
ized Dehn twist (the Dehn twist for short) tl along L is a symplectomorphism on 
M that is compactly supported near L and restricts to L as the antipodal map. A 
symplectomorphism t is said to be symplectically isotopic to the identity if there is 
a smooth family (ts)o<s<i of symplcctomorphisms such that tq = id and ri = r. 

In this paper we consider the (real) An + 2-dimensional manifold CP" x CP"^^ 
with the product symplectic form cr^j = ctcp" + /^crcP"+i f'^'' A* > 1 a real number. 
Here n S N and ctcp" a-nd a^p^+i are the Fubini-Study forms on CP" and CP"^"'^, 
respectively, normalized to integrate to n on CP^ . As described in Lemma 12. 5[ 
the graph of the complex conjugate of the Hopf map S'^"'^^ CP" embeds as the 
Lagrangian sphere 

(1.1) = {i[zo:---:Zn],[zo:---:Zn: Vm^D I kl' = U 

in (CP" X CP"+\ (T^). The main resuh of this paper is the following. 

Theorem 1.1. For all > 1, the Dehn twist tl^ G Symp(CP" x CP"+\cr^) along 
the Lagrangian is symplectically isotopic to the identity by an isotopy whose 
restriction to the complex hypersurface 

S = {([so : • • • : s„], [xq : • • • : x„+i]) G CP" x CP"+i | soXo + ■■■ + s,,x,, = 0} 

is the identity. 

The isotopy of Theorem 11.11 was established in the case n = 1 and /i 3> 1 by 
Corti-Smith |CS05[ Section 7]. Corti-Smith construct a singular fibration with non- 
singular fibers isotopic to (CP^ x CP^,tTp) and such that the monodromy around 
the only singular fiber of this fibration is symplectically isotopic to the Dehn twist 
Tin . As the monodromy is also known to be symplectically trivial, this proves the 
result. The proof of Theorem 1 1 . 1 1 uses exactly the same fibration but by examining 
the construction in more detail, we are able to establish an isotopy for all /i > 1. 
Furthermore, we observe that the construction generalizes to all n G N and that the 
complex hypersurface 5" is pointwise-fixed under the isotopy. 

The hypersurface S" is a CP"-bundle over CP" in which the base coordinates 
are [sq : ■ ■ ■ : and each fiber is a linearly embedded copy of CP" in CP""*"^. 
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Write CP"^"'^ as C" U D where C" is the coordinate chart centered at the point 
Po = [0 : • • • : : 1] and D = (a;„+i = 0) = CP". Then S contains a section at 
€ C" given by So = CP" x {po} and a section at infinity, namely, 

^oo = {([so : ■ ■ • : s«], [xo : xi : : • • • : 0]) I .So^o + s^x^ 0} C CP" x D. 

We show that So and Soo are not only pointwise-fixed under the isotopy but in fact 
we have the following result. 

Corollary 1.2. Let Sq and S^o be the complex submanifolds in S, each isomorphic 
to CP", defined by 

So - CP"x{po}, 

5oo = {([so:---:s„],[xo:xi :0:---:0])eCP"xCP"+Mso.xo + siXi=0} 

where po ~ [0 '■ ■ ■ ■ '■ : 1]. The isotopy of Theorem \1.1\ lifts to the blow-up of 
CP" X CP"^"'^ along So and Soo if the size of the blow-up is sufficiently small. 

One should note that the Dehn twist r^n is well-defined on the blow-up since 
both 5*0 and Soo are disjoint from and the Dehn twist is supported near L'^. 

Theorem II. II is a consequence of Theorem 11.31 The latter constructs a Lefschetz 
fibration with exactly one critical point whose non-singular fibers are isotopic to 
(CP" X CP"^^, (Tp) and with vanishing cycle isotopic to the Lagrangian sphere L^. 
Thus, the monodromy around a positively-oriented loop in CP^ that circles the 
critical value exactly once, is symplectically isotopic to the Dehn twist t^m. Since 
there is only one critical value, the monodromy is also symplectically isotopic to the 
identity. 

Theorem 1.3. Let /i > 1. There is a Lefschetz fibration {X,tt, J, ri^) such that: 

(1) TT has exactly one critical point Zcrit G = 7r^"'^(0); 

(2) there is a holomorphic trivialization 

$ : A" \ A-Q ^ (CP" X CP"+^) X C 

whose restriction to the fiber Xoo over the point at infinity in CP'^ composed 
with the projection to CP" x CP"^""^ is a symplectomorphism 

$oo : {Xoo^n^ \xj ^ (CP" X CP"+\a^); 

(3) the map ^oo takes the vanishing cycle in Xoo to L^^ in CP" x CP""*"^ . 

For n = 1, Theorem 11.31 is an extended version of |CS05i Proposition 1]. The 
Lefschetz fibration {X, tt, J, fJ^) is an extension of the fibration constructed in |CS05| 
from a disk A C C to CP^ = C U {oo}. Note, however, that unless ^ ^ 1, the full 
statement of Theorem 1 1.3 1 is necessary in order to identify the vanishing cycle with 
the Lagrangian 3-sphere L'' in CP^ x CP^. After deforming fJ^ to a form (f^^)' 
which is standard in a small neighborhood of the critical point Zcrit, Corti-Smith 
compute the vanishing cycle (Vj'*)' in the fibers close to the singular fiber Xq. For 
each t e A, write $i : ^ CP^ x CP^ for the restriction $ of the map <i> 
described in Theorem O followed by projection to CP^ x CP^ The map <I>f is 
biholomorphic and = {<P^^)*{{n^'y \x,) is a symplectic form on CP^ X CP^ in 
the same cohomology class as ct^. Hence by Moser's Theorem, a'^ is isotopic to cr^;. 
If S> 1, the fiber Xi intersects the neighborhood in which (fi^)' is standard and 
Corti-Smith show that the pull-back by <I>i of the vanishing cycle (Vf )' in Xi equals 
the Lagrangian L'^ = S^. Hence the isotopy from a'l to can be made to fix L^. 
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For general fi > 1, however, it is not clear what happens to the vanishing cycle 
under the isotopy and, in particular, we cannot identify it with L^. On the other 
hand, by extending the fibration over CP^ as in Theorem ll.3[ we see that the 
form Qfoo = {^^)*{^^) is not only isotopic to cr^ but, in fact, aoo = cr^^ and 
^oo ■ ?ioa CP^ X CP^ is a symplectomorphism. The key step in our construction is 
the following. By symplectically embedding a large part of the total space 
of the Lefschetz fibration into a toric manifold (F, Wp^'''''), we obtain a Darboux 
chart on (A", $7'') that enables us to compute the horizontal spaces of the symplectic 
connection coming from fi^ in a large neighborhood of the critical point Zcrit- In 
particular, we are able to compute the vanishing cycle explicitly and to see that 
$oo(V^) is the Lagrangian . 

Our construction generalizes easily from the case n = 1 to arbitrary n G N. 
Furthermore, with S C CP" x CP"+^ as defined in Theorem O we see that the 
corresponding hypersurfacc $j"^(S') in the fiber Xt is held fixed under symplectic 
parallel transport in (A", tt, J, fi''). This implies that the isotopy of Theorem 11.11 
fixes the complex hypersurfacc S in CP" x CP"+\ 

The results in this paper are motivated by the symplectic isotopy problem which 
is described below. Given a symplectic manifold (Af, w), the group of symplecto- 
morphisms on M is an infinite-dimensional Lie subgroup of the group Diff'^(Af) 
of orientation-preserving diffeomorphisms of M. We say that a symplectomor- 
phism T is smoothly isotopic to the identity if there is an isotopy (ts)q<s<\ with 
Ts e Diff^(A/). A symplectomorphism is called essential if it is smoothly isotopic 
to the identity but not symplectically so. 

The symplectic isotopy problem: Given a symplectic manifold {M,uj), does it 
admit essential symplectomorphisms^ 

When the dimension of M is 2, the space of symplectic forms on M is convex 
and it follows from Moser's Theorem that no essential symplectomorphisms exist. 
In dimension 4, Gromov and Abreu-McDuff (see |MS04| p. 320-321]) show that the 
answer to the isotopy problem is once again negative for CP^, CP^ x CP^ and the 
one point blow-up of CP^. In 1997, however, Seidel |Sei97| shows that under fairly 
weak conditions on a 4-manifold, if tl is the Dehn twist in a Lagrangian sphere L, 
then is an essential symplectomorphism. Notice here that since restricts to 
L as the antipodal map, cannot be isotopic to the identity when the dimension 
of L is even. On the other hand, Seidel showed that when M is 4-dimensional, the 
square of the Dehn twist is always smoothly isotopic to the identity. 

In dimensions 6 and above, very little is known. It is not even clear that Dehn 
twists (or their squares) are smoothly isotopic to the identity. Notice that in the 
example (CP" x CP"'*'"'^, cr^t) studied in this paper, the Lagrangian sphere is odd- 
dimensional. Thus, there is no homological obstruction for the Dehn twist to be iso- 
topic to the identity, and indeed. Theorem 1 1 . 1 1 shows that it is. Although Theorem 
11.11 does not provide an answer to the symplectic isotopy problem, the construction 
of the isotopy relies on certain symmetries specific to these examples that suggests 
they may be higher-dimensional analogues of the special cases CP^ and CP"'^ x CP"'^ 
in dimension 4. (See |Dup07[ Concluding remarks]). 

Furthermore, by understanding how the isotopy could be destroyed, one may be 
able to construct examples of essential symplectomorphisms in these dimensions. 



In this paper we consider only compact symplectic manifolds. 
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In contrast to Corollary 1 1.21 the proof of |CS05[ Proposition 2] shows the following 
result about 5*0 and a different n-dimensional submanifold S'^, at infinity. 

Proposition 1.4. Consider the complex submanifolds in CP" x CP"^""^ given by 

5o=CP"x{po} and 5^^ = CP" x {poo}, 

where pa = [0 : ■ ■ ■ : : I] and poc = [1 : : • • • : 0]. There is no smooth isotopy 
between the Dehn twist r^n and the identity that simultaneously fixes Sq and S'^ 
pointwise. 

It therefore seems likely that blowing up along the submanifolds 5*0 and S'^ 
would destroy the symplectic isotopy of Theorem ll.il This docs not preclude there 
being no symplectic isotopies between the Dehn twist along and the identity 
in the blow-up. If one could nevertheless exhibit a smooth isotopy between r^n 
and the identity in the blow-up, then this example would provide a candidate for 
an essential symplectomorphism in dimension 4n -f 2. An alternative approach to 
destroying the isotopy of Theorem 11.11 would be to perform a large blow-up of the 
submanifolds Sq and 6*00 of Corollary 11.21 It would be interesting to estimate the 
bounds of the size of the blow-ups allowed for the isotopy to persist and to sec what 
happens when we exceed the bounds. 

Acknowledgments. This paper contains the results of my Ph.D. thesis, and I 
thank my Ph.D. advisor, Dusa McDuff, for her help and guidance throughout my 
Ph.D. I am also grateful to Aleksey Zinger for his many comments and suggestions. 

2. Preliminaries 

This section is expository and can be skipped if one is already familiar with 
Dehn twists and Lefschetz fibrations. The main statement is Proposition 12 . 71 which 
shows that the monodromy of a Lefschetz fibration around a loop that circles a 
critical value once is symplectically isotopic to the Dehn twist along the vanishing 
cycle corresponding to the critical value. The discussion in this section is based 
on [Sei97j and ^SeiOSl Section 1]. Note that although |Sei03| assumes exactness of 
Lefschetz fibrations, i.e., that each non-singular fiber is a symplectic manifold with 
boundary and the symplectic form on these fibers is exact, the proofs of the results 
that we use are easily adapted to ordinary Lefschetz fibrations. Details can be found 
in |Dup07| . 

2.1. The model Dehn tv^rist. Consider the cotangent bundle of 

T*S^ = {{u,v) e M^+i X M^+i I = 1, {u,v) = 0} 

with symplectic form uj^p^gN ~ — duj Advj. The zero section Lq is a Lagrangian 
submanifold of (T*5^, wt-s")- The length function h : r*5^ M given by 
h{u,v) = \\v\\ generates a Hamiltonian circle action on T*S^ \ Lq whose flow is 
given by 

(2.1) ip'^iu,v)^ (cos(6i)w-sin(6l)||w||u,cos(6')u + sin(6l)||^) . 

The time-TT map (p'^ extends over the zero section by the antipodal map A{u,0) = 
(— u,0). Now let i? : R ^ R be a smooth function such that R{s) = for s > s/j 
for some sr > and R{—s) ~ R{s) — s for all s. Let H ^ R o h. The flow of H is 
(pj^{u,v) = (u, w). Since i?'(0) ~ ^, extends continuously to T*S^ by 

the antipodal map. By |Sei03[ Lemma 1.8] this extension is smooth and hence is a 
symplectomorphism. 
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Definition 2.1. Let r be the timc-27r flow oi H = Ro h on T* \ as above, 
extended to Lq by the antipodal map. The symplectomorphism r is called a model 
Dehn twist. 



(u,0) 



* qN 



T*S 



* qN 



T*S 



Figure 1 . The model Dehn twist 

Figure [1] shows the image of a fiber F„ = ir^lgNiu.Q) of T*S^ under a model 
Dehn twist. Here TTy.gw : T*S^ Lq = is the natural projection. We see that 
{u,v) £ x*S^ with ||w|| large are held fixed by r, but as ||w|| decreases, the circle 
action ipg is "turned on" with larger and larger 9 G (tt, 0) until at ||u|| = 0, we reach 
the antipodal map tp'^. Although the definition of the model Dehn twist depends 
on the choice of function R, the symplectic isotopy class of t is independent of R. 

Let u!£N = ^'^jdzj A dzj denote the standard symplectic structure on C^. 
Consider the singular fibration TTstd : C given by 

N 

7rstd(zi, ■ • ■ , zn) = ^ Zj. 

All fibers of TTstd, except for 7r^j(0), are symplectic submanifolds of (C^,cjc«)- For 
each r > 0, 

^-i(r) := {z € I - W^zW = r, ^ ^{z.^iz,) = 0} 

j 

is symplectomorphic to (T* S^^^ ,ujx- s'^-^) by the map 

(2.2) <,Az)=[^^,-\mzmiz)). 

Away from the singular fiber, the symplectic structure lu^n gives a natural con- 
nection on TTstd ■ C for which parallel transport maps arc symplectomor- 
phisms. Each non-singular fiber TT~f^{t), t ^ 0, contains a Lagrangian sphere 

(2.3) St ^ {^/fe'iz e | 3(z) = 0, \\z\\^ = 1}, where t = re''^ . 

These spheres are mapped to each other by parallel transport. Note that for r > 0, 
$r(Sr) is the zero section Lq. The following result is based on the proof of |Sei031 
Lemma 1.10] and is proved in detail in |Dup07| . 
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Lemma 2.2. Consider the singular symplectic fibration TTgtd '■ C C given by 
7rstd(2:i, . . . , zat) = SjLi z'j ! where has the standard symplectic form uj^n . For 
r > 0, let pr : T^^^di'''') ^ ^std('') de'^^ote the monodromy around the loop j{0) = re^^ , 
< 61 < 27r, and let : 7r-^(r) ^ t*S^-^ be defined as in fH). Then for all 
r>0, 

is symplectically isotopic to a model Dehn twist. 
2.2. Dehn twists. 

Definition 2.3. Let {M'^^ ,uj) be a symplectic manifold and L C M a Lagrangian 
sphere with a chosen identification l : — > L. By the Lagrangian Neighborhood 
Theorem, for some small A > 0, we can extend t to a symplectic embedding of the 
space T^^S^ of cotangent vectors with ||u|| < A to a neighborhood M{L) of L. 
Choose a model Dehn twist r whose support is in T* ^ . The generalized Dehn 

— 2 

twist (or simply Dehn twist) along L is the map 

f i o r o i-i, if ^ e A/'(L); 
[z otherwise. 

Remark 2.4. The Dehn twist is a symplectomorphism of AI that depends on the 
choice of identification t : S'^ —s- L. We say that two identifications li and L2 
give the same framing if o : S*^ — > can be deformed inside the group of 
diffcomorphisms of to an element of 0(7V+1). Identifications that give the same 
framing define Dehn twists that are symplectically isotopic. However, it is unknown 
whether the Dehn twist can be defined as a symplectic isotopy class independent of 
framing. We omit the choice of framing in our notation as there is often a natural 
choice in the situations we describe below. □ 

Now consider CP" x CP"^""^ with the product symplectic form cr^t = crcP" + 
pcr^pn+i, where p > 1 and acp^ ■, cr^fit+i are the normalized Fubini-Study forms on 
CP" and CP"+\ respectively. As shown in |CS05[ Lemma 1], the graph of the 
complex conjugate of the Hopf map i/cp" '■ 5*^"+^ CP" embeds naturally into 
this manifold Lagrangian sphere L''. 

Lemma 2.5. If p> 1, then 

:= {[20 : • • • : z^][zo : • • • : z„ : v/^^l € CP" x CP"+i | \zf = 1} 
is a Lagrangian sphere in (CP" x CP"^"'", (t^). 

Proof For A > 0, let B{X) = {z G C"+i | \z\^ < A^}. Then the map i : B{^) 
CP"+^ given by 

i : (zo, . . . , 2„) i-^ [20 : • • • : 2„ : ^/ p - |2op |2„|2] 

is a symplectic embedding {B{y/]I),uJcn+i) ^ {CF"^^ , pacpn+i). This follows from 
the fact that i factors through the Hopf map Hcr^+i : 3'^"'+^ CP"+^ 

g2n+3 

BiVJI) — ^ CP"+^ 

where 
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Hence, 

Thus, S'2"+i dB{l) C B(vm) embeds symplectically into (CP"+\ /icrcp"+i)- 
Therefore, the graph of the conjugate of the Hopf map i/cp" • 5^"+^ CP" embeds 
symplectically into (CP" x CP" + \ crJJ) as . Since (i?cP")*(o-CP") = -wc"+i Is^-^+i , 

c^Il^" = a;c"+i|s2"+i + (^^CP")*(o'CP") = 0, 
i.e., is Lagrangian. □ 

2.3. Lefschetz fibrations. 

Definition 2.6. A Lefschetz fibration is a smooth fibration n : E ^ CP^ such that 

• the set i?crit of critical points of tt is finite and no two critical points lie in 
the same fiber; 

• £' is compact and has a closed 2-form 17 that restricts to a symplectic form 
on the non-singular fibers; 

• there is a complex structure J defined in a neighborhood of each critical 
point such that SI is J-Kahlcr; 

• if 7 is the complex structure on CP^, then tt is ( J, j)-holomorphic and at 
each critical point the Hessian of tt is non-degenerate. 

Note that by the Morse Lemma, the fourth condition is equivalent to the condi- 
tion that for each Zcrit € -E-crit we can find a J-holomorphic coordinate chart 5* in a 
neighborhood of 2;crit and a chart ip on CP^ centered at 7r(zcrit) in CP^ such that 

N 

tpOTTO ^'^{z) = ^ zf. 

1=1 

Such a pair of charts (^!, ijj) will be called a Morse chart. In the following we often 
suppress the choice of "0 in our notation. 

Away from the critical points, (E, tt, fl) is a symplectic fiber bundle and hence 
admits a symplectic connection. Each critical point Zcrit G Ea-it gives rise to a 
Lagrangian sphere in the non-singular fibers called the vanishing cycle. Let 7 : 
{a,b] CP^ be an embedded path which avoids 7r(£'crit) except at the endpoint 
7(6) = 7r(zcrit)- Define 

= {^crit} U (J {z e E^(^s) I lim^p^|j^^^,j(z) = Zcrit}- 

a<.s<b 

By jSei03|. Lemma 1.13 and 1.14], is an embedded closed A^-ball in E with 
^\b^ — whose boundary 

= dBj = Bry n -E''y(a) 

is a Lagrangian sphere in {Ej(^a),^\E^i^^) that comes with a natural framing (see 
Remark [2.4p . We call the vanishing cycle associated to 7. (See Figure If 
7' is path-homotopic to 7 in CP^ \ 7r(£'crit), then V^i with its natural framing is 
symplectically isotopic to Vy. Hence, for each z^it & ^'crit and t G CP^ \ TT{Ecnt), 
the symplectic isotopy class of Vy with its natural framing depends only on the 
path-homotopy class. 

Let (E, TT, J, Q) be a Lefschetz fibration and 7 : [a, b] CP^ an embedded path 
that avoids 7r(£'crit) except at the endpoint 7(6) = 7r(zcrit) G 7r(iJcrit)- We say that 
a loop £ : [c,d] — > CP^ \ 7r(i?crit) doubles 7 if £{c) = i{d) = 7(a), i is positively 
oriented with respect to the standard orientation of CP^ and i circles the point 
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Figure 2. The vanishing cycle 



'"■(•^crit) exactly once and circles no other critical values of tt. The following result 
is the main result of this section and is described in [Sei03[ Proposition 1.15]. 

Proposition 2.7. Let {E, tt, J, fi) be a Lefschetz fibration and Vy C Et^ the vanish- 
ing cycle of a path 7 : [a, b] CF^ with 7(a) = to and 7(6) = 7r(zcrit) G ^'crit- Let i 
be a loop that doubles 7. The monodromy pi : Et^ Et^ around £ is symplectically 
isotopic to the Dehn twist Ty^ along the vanishing cycle V-y. 

Sketch proof. We deform the form to a closed 2-form H.^ which is standard 
with respect to the Morse coordinates at each critical point. We can choose this 
deformation such that the monodromy of the resulting Lefschetz fibration agrees 
with that of (E, tt, J, f2) up to symplectic isotopy. In a neighborhood of each critical 
point, the Lefschetz fibration {E,tt, J,n^) agrees with a neighborhood of in the 
standard model TTgtd : C described in Section \2A\ Here the vanishing cycles 

correspond to the S^'s defined in l|2.3p . We can therefore use Lemma [2.21 to show 
the result. Details can be found in |Dup07[ Proposition 2.2.3]. □ 

3. The Lefschetz fibration tt : X ^ CP^ 

This section contains the essential steps in the proofs of the main results of this 
paper. In the first two sections we construct the Lefschetz fibration {X, tt, J, fi^) of 
Theorem 11.31 Its total space A" is a complex hypersurface in F x CP"'^ , where F is a 
CP"+^-bundle over CP"+^ The manifold X fibers over CP^ as a subbundle of the 
bundle F x CP^ CP^ For each ^ > 1, the closed 2-form f]'^ on X comes from a 
toric symplectic structure on F, and the symplectic isotopy class of the non-singular 
fibers of {X, tt, J, $7'^) depends on the cohomology class of this toric structure. For 
each > 1, it is possible to choose a toric structure ijJ^^'^'' on F such that the non- 
singular fibers of {X, tt, J, n>^) are isotopic to (CP" x CP"+^, cr^). By symplectically 
embedding a large part of {X,fl^) into the toric manifold (F, cj^^ '''■'), and using a 
Darboux chart on F, we show in Section [231 that the vanishing cycle Voo in the fiber 
at infinity is the Lagrangian defined in p.l|) . 
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3.1. The toric manifold (F, cj^"'^'^''). Let C^"+^ have coordinates {s,q,x,Xn+i) = 
(sq, . . . , Sn, q,xo, ■ ■ ■ , Xn+i) and consider the (C*)^ action on C^"''"'* with weights 

n+1 n+2 



(3.1) 



1 1 
1 1 



We define F to be the quotient 

F = (C"+2 \ {0} X C"+2 \ {0})/(C*)^ 

Since the action of (C*)^ on C"+2\{0} x C"+2\{0} is free and proper, this quotient 
is a smooth complex manifold^ We denote the points of F by [[s, g, a:, a:„+i]], where 
(s, g, X, Xn+i) e C"+2 \ {0} X C"+2 \ {0} and 

[[s, g,x,x„+i]] = [[as,aPq,(ix,l3xn+i]] for [a, (3) e (C*)^ 



a;„+i] is clearly well- 



The map F CP given by [[s, g, a;, ^ [xq : ■ 

defined and makes F a CP"+^ bundle over CP"+^ 

We now describe a Kahler structure on F by constructing it as a symplectic 
quotient. Let C^"+^ have the standard symplectic form Lo^^n+i and suppose acts 
on C2"+4 with weights (gl]). The moment map * : C2"+4 (t^)* 9^ of the 
action is given by 

(n n+1 

Its image is the cone illustrated in Figure [3] and the regular values are the interiors 
of the cones Ci and C2. By the standard symplectic quotient construction |MS98| 




Figure 3. The image of 



Section 5.4], for each k G Ci, the form ujc2n+i |3r-i(K) descends to a symplectic form 
on the quotient manifold 5'^^(k)/T^. The elements of \['^^(k)/T^ are denoted 

[s,q, x_,Xn+i\ where (s, g, ai, a^n+i) € ^'^"'"(k) and 

[s,g,£,x„+i] = [e''>'s,e'(''+'-U.e'''3L.e'''x^+^] for (e^^Se'^^) G T\ 



is the GIT quotient F = C^"+''/k (C* )^ where k is an integral point of the chamber Ci 
of the effective cone depicted in Figure [3] The effective cone is the cone in generated by the 
columns of the matrix 1 13.11 1. It decomposes naturally into a union of 2-dimensional cones, each 
generated by a pair of column vectors. The interior of these cones are the chambers Ci and C2. As 
a complex manifold, the GIT quotient is the same for different choices of k in the same chamber 
|Tha94l Theorem 3.9]. 
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By |Aud041 Theorem VII. 2.1], as a complex manifold, the quotient ^{k)/T^ 
equals F. In fact, the map *^^(K)/r2 ¥ given by 

[s,q,x,Xn+i] [[s,q,x,Xn+i]] 
is biholomorphic and the quotient symplectic form is a Kahler structure lu^ on F. 

Remark 3.1. Points of F are denoted [s,q, x,Xn+i], when F is thought of as a 
symplectic quotient 'i'~^{K,)/T'^ and by [[s, 9, when we are interested in 

the complex structure on F. □ 

Lemma 3.2. The manifold ¥ is a CP"^"'^ bundle over CP"'*'"'^ with fiber coordinates 
[sq : ■ ■ ■ : Sn : q] and base coordinates [xq : ■ ■ ■ : Xn+i]- For each k ~ K2) € C\, 
the form ld^ integrates to kitt on a line in the fiber and to K2t: on a line in the section 
So = • • • = s„_i = q = 0. Moreover, the submanifold F H (q = 0) is isomorphic 
to the product CP" x CP"^"'^ and the restriction uj§ |Fn(g=o) the product form 

Proof. We have already seen the bundle structure of F. 

To see the statement about F n (g = 0), note that F n (g = 0) can be thought of 
as (^f \(^q=o))''^{K)/T'^ which is by construction CP" x CP"+^ with symplectic form 
KifTcP" + K20'cp"+i. More precisely, the map 

(Fn (g = 0),uj^ |(,=o)) ^ (CP" X CP"+\Kit7cP" + K2fTcP"+i) 

given by 

[s, 0,x,x„+i] 1-^ ([so : • • • : s„], [xq : ■ ■ ■ : Xn+i]) 
is a biholomorphic symplectomorphism. 

The line (g = S2 = • • • = s„ = and a; = 0) in the fiber (a; = 0) lies in 
(Fn (g = 0),uJw |(g=o)) and corresponds to 

{([so : si : : • • • : 0], [0 : • • • : : 1]) e CP" X CP"+^}. 

Similarly, the line {q = sq = ■ ■ ■ = s„_i ~ xq = ■■■ = .x„_i) in the section 
(g = So = • • • = s„_i = 0) corresponds to 

{([0 : • • • : : 1], [0 : • • • : : .T„ : Xn+i]) G CP" x CP"+i}. 

It follows that Lu^ integrates to kitt on (g = S2 = • ■ • = s„ = and a; = 0) and to 
K27r on (q = So = • • • = s„_i ^ xq = ■ ■ ■ = Xn-i = 0). □ 

Remark 3.3. The manifold (F, lu^) admits an action by the quotient torus y2ri+4^2n2 ^ 
rp2n+2 ^ Hence it can be represented by a Delzant polytope A" of dimension 2n + 2. 
If p : E^"+'* is the linear map given by the matrix (|3.1[) , then 

A« = MJf+^f^p-^{^i) 

^^■^^ = {(i, ^,!7, vn+i) e I ^ + e;Lo e.- «i, ^ + e;=o % = «2} 

where ^ = (^0, ■ • ■ , in), V = (yyo, . . . , ?7„) and k = (ki, K2). Let A : C^"+* M2n+4 
be the map 

A{s,q,x,Xn+i) = (|so|^, . . . , |s„|^, |a;o|^, . . . , |a;«+i|^). 

Then ^'^^(k) = ^~^(A''). Suppose we have a d-dimensional face of A''. Then it is 
given by the vanishing of 2n + 4 — d coordinates in M^"+''. The vanishing of the cor- 
responding coordinates in C^""*"^ is a T^-invariant complex submanifold of ^'"^(k) 
and corresponds to a c?-dimensional complex submanifold of F = ^'~^(At)/T^. Two 
faces of A'' intersect precisely when the corresponding submanifolds intersect in F. 
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For n = 1 the polytopc representing {¥,uj^) is illustrated in Figure 21 The 
polytope that represents (Fn(.To = 0), uj^ \xo=o) can be illustrated in a 3-dimensional 
subspace of as seen on the left hand side of Figure [H This is a CP^-bundle over 
CP^ with base coordinates [xi : X2] and fiber coordinates [so : si : q]- We get the 
polytope associated to (F,lj|) by replacing each section CP^ by a CP^ as shown in 
the right hand side of the figure. □ 




So = q = 



F n (xo = 0) F 
Figure 4. Polytope A" representing (F, wf) for n~l 

3.2. The Lefschetz fibration n : X ^ CP^ Let 

X = {{[[s,q,x,Xn+i]], [to ■■ ti]) e F X CP^ I h{soXo + •• • + s„2;„) = toq}. 

The holomorphic equation ti(soa:o + • • • + SnXn) = toq is invariant under the (C*)^- 
action on C^"+'' and A" is a complex submanifold of F x CP^ . Let t = ^ (where we 
write 00 to mean the point [1 : 0] G CP^) and let 

Xt^ { [[s, q, X, Xn+l\] e F I <i {soXo H h SnXn) = toq] 

and Xt ~ Xt X {t}. Note that for ti = we get 

^00 =Fn(<z = o). 

Let -K : X ^ CP^ be the natural projection map. Figure [5] shows how the sub- 
manifolds Xt lie inside the polytope representing (F n [xo = 0),a;^ |2;o=o) when 
n = 1. 

Consider the submanifold 
(3.3) § = { [[s, 9, X, Xn+i]] e F I soXo H h SnXn = and g = 0} 
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^0 



t> = (0,0,Ki,0,0,K2 - Ki) 




S 



Figure 5. in F n (xo = 0) 

in F. We see that 

S= f] Xt 

and moreover, when S is removed from the Xt^s, they are disjoint in F and 

¥ = E,u\_\Xt\§. 

tec 

More precisely, if ttf : F x CP^ F denotes projection to the first factor, then 
(3.4) TTF U\(s^cF):'^\(§xCpi)^F\§ 

has inverse (ttf |a'\(SxCp1))^"^ :F\§^A'\(§x CP^) given by 

[[s,q,x,x„+i]] i-^ i[[s,q,x,Xn+i]], [sqXo H h s«a;„ : q]) . 

In particular, ttf |Ar\(SxCpi) is biholomorphic. 

Lemma 3.4. The singular fibration n : X ^ CP^ is holomorphic and has exactly 
one critical point at 

2crit = ([[0,i,0,i]],0) e Xo. 

In a neighborhood of Zcrit we obtain holomorphic coordinates (zi, . . . , Z2ri+2) such 
that TT is the map {zi, . . . , zm^ri) ^ -^l- 

Moreover, when the singular fiber Aq is removed, ix : X ^ CF^ is trivialized by a 
biholomorphic map^:X\Xo^ (CP" x CF"+^) x C. 
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Proof. Clearly, tt : A" — > C is a holomorphic fibration with exactly one critical point 

^crit ■ 

For q ^ and Xn+i 7^ 0, 

Si ~ , Xj = — - — lor U < < n 

q Xn+l 

are holomorphic and invariant under the (C*)^-action. The map 

Fn(g^O,a;„+i ^0) ^C2"+2 

given by 

[[s, q, X, Xn+i\] ^ (so, . . . , s„, io, ■ • ■ , in) 
defines a holomorphic coordinate chart on F. Thus, (sq, . . . , s„, Iq, ■ • ■ , in, define 
holomorphic coordinates on F x C in which X is given by sqXq + • • • + SnXn = t. 
Therefore (sq, ■ ■ • , io, • ■ • , in) define holomorphic coordinates on X. Let 

.0 K\ ^1 = 5(^0 + io), • ■ • , Zn+l = ^{Sn + in), 

Zn+2 = 2i — Xq), . . . , Z2n+2 — 2iWn " Xn) 

Then (zi, . . . , Z2n+2) define holomorphic coordinates on X in which tt has the form 

(zi,...,Z2„+2) Lj = l 

Let Xt be a non-singular fiber of n : X ^ CP^, i.e., fix t ^ 0. Then Xt is 
a complex submanifold of F in which q is determined by the other coordinates of 
F as g = ^"^°+-;+""^" . Since F = (C"+2 \ {0} x C"+2 \ {0})/(C*)2, an element 
[[s, g, X, Xn+i]] € Xt cannot have s = or x = a;n+i = 0. It follows that the map 
<E>t : ^ CP" X CP"+^ given by 

(3.6) $t : ([[s, a;„+i]],t) k-> {[sq : ■ ■ ■ : s„], [a;o : • • • : x„+i]) 
is well-defined. In fact, it is biholomorphic. Now define 

^■.X\Xo^ (CP" X CP"+^) X C 

by 

(3.7) $([[s, q, X, xn+i]it) = ($1 ([[s, q,x, Xn+l]], ^) , ^) for teCF^\ {0}. 

□ 

Remark 3.5. In the notation of Remark 13. 11 

^crit = ([0, Kl,0, K2 - Kl],0). 

In the polytope A'' C R^"+'* representing (F, 0;^), [0, ki, 0, K2 — ki] € F corresponds 
to the vertex v = (0, ki, 0, K2 — ki). (See Figured] for the case n = 1). □ 

For each /i > 1 we now introduce a 2-form il^ on X that makes {X,tt, J) into a 
Lefschctz fibration. Here J is the complex structure on X coming from F x CP^. 
Recall that if k = (ki, K2) lies in the cone Ci, then we have a toric Kahler structure 
wf on F. If /i > 1, then (1, fj.) £ Ci and we define 

(3.8) fi^ = (^FU)*(4''''^ 

Proposition 3.6. For any /i > 1, (A", tt, J, 17'^) is a Lefschetz fibration whose non- 
singular fibers are symplectically isotopic to (CP" x CP"^^, cr^^). Moreover, the map 

$^ : {X^,n'^ \xj ^ (CP" X CP"+i,a^) 

described by 7| ) is a symplectomorphism. 
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Proof. Let /i > 1. First we prove that {X, tt, J, 17^) is a Lcfschctz fibration. Clearly, 
is closed. Its restriction to each non-singular fiber is 

which is symplcctic since all the Xt's are complex submanifolds of ¥ for t ^ 0. We 
have already shown in Lemma 13.41 that tt has the form {zi, . . . , Z2n+2) ^ 
in a neighborhood of the critical point ^crit- By the definition of O'^, the map 
'^v Ia'\(SxCp1) described in p.4p is a biholomorphic map that identifies (A" \ (§ x 
CP^), f2^) and (F\§, uj'^'^^). Hence fi^ is J-Kahler in a neighborhood of the critical 
point. We conclude that (A", tt, J, is a Lefschetz fibration. 

It remains to show that the non-singular fibers of (A", tt, J, $7'') are symplectically 
isotopic to (CP" X CP"+\ cr^J, i.e., that the forms 

are symplectically isotopic to tr^ for all t 7^ 0. Since all the at are symplectically 
isotopic, it suffices to prove it for t = 00. But we have already seen in Lemma 13.21 
that Q!oo = by construction. □ 

3.3. The vanishing cycle of {X , tt, J, f2^). In order to compute the vanishing cycle 
of (A", TT, J, 51^), wc need to understand the connection coming from the 2-form 57^ 
in a neighborhood of the node Zait- By (j3.8p . the map ttf |a'\(SxCpi) described in 
(lO)) identifies (A" \ (§ x CP^),17^) with (F\ §,4^'^^). Hence 17^ is symplcctic on 
A" \ (S X CP^) and we can use the toric structure of F to describe the following 
Darboux chart: 

Lemma 3.7. Let 

= e C2"+2 I |5|2 < 1^ „|^|2 ^ |^|2 ^ __ 

where (s,x) = (sq, . . . , s„, xq, . . . ,x„), |sp = NjP a"c? |xp = Vii? ■ 
The map 



i;^■.W^'^Xn{q^O)n {xn+1 + 0) 



given by 



is,x) ^ [S, yT~^,X, - 1 + UP - 



•So^^o + • • • + s„x„ 



defines a Darboux chart on (A" \ (S x CP"'^), 17^) such that V-'a-IOiQ) — -^^crit- 
Proof. As noted in the Remark [331 Zcrit = (z, 0) £ F x CP^ where 



^ = [[0,1,0,1]] - [Q,i,o,y^7^]. 

By the comments preceding this lemma, it suffices to see that the map ip^ : 
where 



is a Darboux chart on (F C] (q ^ 0) D {xn+i ^ 0), 4^'^') centered at z. 
We have the following commutative diagram 

-J!l^ *"H(1, m)) C C2"+4 
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where ipf^ is given by (s, a;) i-^ {s, -^/l — |sp, -^//i — 1 + |sp — \x\'^). Hence it suf- 
fices to see that -ip^ pulls back a;c2„+4 to uj£2n+2. But this is clear since q,Xn+i G K 
on lm('0'^), and therefore dq A dq and dx„+i A dxn+i pull back to under 

□ 

Remark 3.8. Each vertex of the polytope A^^-''^ gives a natural Darboux chart 
on (F, w^^''^^), and the chart described in Lemma [57fl is the one corresponding to 
V = (0, 1,0, /i— 1). By (|3.2p . an element (^, j/, 77, ?7„+i) of A*^^'^) satisfies the equations 

n n 

Hence the projection i^, 77, 77„_|_i) 1-^ maps A*-^'^' isomorphically to a poly- 

tope A^^''^) in R^"+^. Here the vertex v is mapped to 0. Let denote 
the union of the facets = and rjn+i = in A^^'^^ and let i?'3.a:„+i ]-,g ^j^g 
corresponding facets in A'^'^^ If A : C^"^'^ M^"+^ is the map {s,x) 1-^ 
(|soP,---,|s„|MxoP,...,|x„|2), then W = I-i(A(i'^) \ and we have 

the following commutative diagram: 

£271+2-^ y^ti y^-l^/^Cl.M) \ ^ (£2n+i 



A 



A 



T^2n+2 ^ pq.x„-^i ^ /^II.m) \ pq-x,i+i ^ ]R2n+4^ 

where tp'^ is the map described in the proof of Lemma □ 
By Lemma 13.71 we have a commutative diagram of singular fibrations: 

{w^^, ^ — - (A- n ^ 0) n (xn+i ^ 0), r!^) 




SqXq 



where 

7rioc(s,2:) , 

The fiber W/" = TTi'^lit) in is given by 

Wl' = {is,x) e I /iU,£) = /2U,£) = 0} , 

where 

n 

f2{s,x) = ^(3(s,)5R(x,) + 5R(s,)3(x,))- 3(071^^. 

Lemma 3.9. Consider the fibration ttioc = tt o ?/)^ : ^ C with eonneetion 
coming from the standard symplectic form wc^n+a on W^. Let t > 0. // (s, x) € 
Tr~^{t), then (x, s) lies in the horizontal space {T(^s,x)^t)'^^''^"*'^ ■ 

Proof. The horizontal space at {s,x) G Wj^ is the symplectic complement of Tj^ j.^M^/' 
in (C2"+2,a;c2™+2) = (R4»+4^ Note that 

T(s.x)Wt - (spanV/i(s,x))^ n (span V/aU, x))^ 
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which has symplcctic complement 

iTis,x)Wtr-'"^' = span{JoV/iU,ai), JoV/2U,x)}. 
Hence the horizontal space is spanned by the vectors 



5i(xo) + 5i(t)-^ 



3fi(:E„) + 5R(<)-^'""' 



3(so) 
3fi(so) 

3(Sn) 



/ -5R(xo) - 3(t) 



a(so) 

3(xo)+3(t)-^ 



3(x„) + 3(t)^ 



"3fi(so) 
-3f?(s„) 



□ 



Using this, we are able to compute the vanishing cycle of {X, tt, J, £7^). 



Proposition 3.10. Let t > 0. The vanishing cycle of {X,tt, J, fi^) in the fiber Xt 
is isotopic to 

Vr-{([1, V^^^,x,^/j:^],t)eX\\xf^g{t)} 
where x = (a;o, . . . ,Xn) and 



(3.9) 



9{t) = 



-t^ + VWTW 



The vanishing cycle in X^o is isotopic to 

= {([1,0,£, y;7^],(^) e A- 1 y2 = i} . 

Proof. For each i > 0, define 

U'^{{x,x)eW'^\\x\'^g{t)}. 

The condition on |xp ensures that C Wj^. We claim that parallel transport 
along the path 7(r) = r for < r < t takes all of to the node (0,0) € Wq. Since 
is diffeomorphic to 5*211+1 ^^^-^^ 

V'^(ir) = vr, 

this shows that is the vanishing cycle in Xt. 

Fix t > and let 7t(r-) = r for < r < Given (x, x) £ L^, define the path 



^tir) = ht{r){x,x), 0<r<t 



where 



htir) 



Igir) 
git)' 



This is a lift of 74 with endpoints (x, a;) and (0, 0) and tangents 

d 



dr 



lt{r) = K{f){x,x). 
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For all r, 7t(r) e L^, and by Lemma 13. 9[ the horizonal space at 74 (r) contains 
^7t(r). Hence parallel transport along 7t takes to the node. Since limt_>oo = 

= v^^ - mxi^ v^^^ = {([I,o,iE, Vm^],o«) e A" | jxp ^ 1} . 

□ 

4. Proofs of the main results 

We are now in a position to prove the main results described in Section [T] 

Proof of Theorem \1.3[ Given fj, > 1, Proposition 13.61 shows that (A", tt, J, 51^) is a 
Lefschetz fibration with one critical point 

zcrit - ([0,1,0, v/m-i],0) e Xo. 

The biholomorphic trivialization $ : A'\ A'o (CP" x CP"+^) x C defined by (^7]) 
induces a symplectomorphism 

$^ : iX^,n'' \xj - (CP" X CP"+\a^) 

and by Proposition 13.101 the vanishing cycle in X^o is isotopic to 

= {([1,0,£, Vm^],oo) e A- 1 = l} . 

Under the symplectomorphism $oo this corresponds to 

*oo(V^) = {([xo : • • • : x„], [xo : ■ ■ ■ : x,, : ^^7^]) G CP" x CP"+i | [xj^ = 1}, 

which is exactly the Lagrangian in CP" x CP"+\ □ 

Proof of Theorem \l.l\ Given > 1, we consider the Lefschetz fibration {X, tt, J, $7^) 
from Theorem 11.31 By Proposition 12.71 the monodromy pi : X^o — + Xrx, along a 
positively oriented loop I in CP^ based at oo e CP^ and circling exactly once is 
symplcctically isotopic to the Dehn twist t-^^ along the vanishing cycle V^. Since 
the fibration has only one singular fiber, is symplectically isotopic to the identity 
through an isotopy that arises from deforming the loop £ to the constant loop based 
at infinity in CP^. Hence we have an isotopy (i/3a)o<a<i of Xr^ such that ipi equals 
and <y9o is the identity. Recall that each fiber of X contains the hypersurface 
§ X {i}, with § defined in p.3p . Parallel transport in {X , tt, J, 17^) along a path in 
CP^ from t' to t takes any point (2, i) G §x {i} c Xt to (2, t') e §x {i'} c Xf . Hence 
Lpx restricts to the identity on § x {00} for all A. Observe that S ~ ^'oo(S x {co}) 
and that by property [3] of Theorem 11.31 

Hence $00 ° <Pa ° ^ < A < 1, is the desired isotopy of t^m. □ 
Under the projection to the first factor, the complex hypersurface S in CP" x 
CP"+^ defined in Theorem O is a CP"-bundle over CP". The fibers are linearly 
embedded copies of CP" in CP"+^ As before, let 

5o = CP"x{[0:---;0:l]} 

-5*00 = {([so : • • • : s„], [xo : .ti : : • • • : 0]) | SqXo + siXi = 0}; 

these are sections of S*. If n = 1, S* is a Hirzebruch surface, is the small section 
(with negative self- intersection) . and is the large section (with positive self- 
intersection). As stated in Corollary 1 1.2i if we symplectically blow up CP" x CP"'*'"'^ 
along 5*0 and 5*00, then as long as the blow-ups arc small, the isotopy of the Dehn 
twist tlm remains. On the other hand, Proposition ll.4l (which is a consequence of the 



18 



EMIKO DUPONT 



proof of |CS05[ Proposition 2]) shows that an isotopy cannot fix the submanifolds 
Sq and S'^. Figure [S]iUustrates how the submanifolds 5*0, 6*00 and 5^ he inside the 
polytope representing (CP"'^ x CP^jO-^). 




Figure 6. Polytope representing (CP^ x CP^,cr^) 



Before proving CoroUarv l 1 . 21 and Proposition ll.4| we review the symplectic blow- 
up construction as described in [MS981 Chapter 7]. First we consider a blow-up at 
the origin in C . Let C be the tautological line bundle over CP^^\ i.e., the total 
space of C is given by 

C ~ {{{zi, . . . , zat), [wi, . . . , wn]) € X CP^^"^ I WjZk = WkZj for all j, k}. 

Let pr^N : C and pr^pjv-i : C CP^^"'^ be the natural projections. For 

each A > the 2-form 

is symplectic. For all (5 > 0, let JC-{S) = pi^£N {B{6)), where B{5) is the baU of 
radius S in C^. By |MS98l Lemma 7.11], for all X,d > {C{S) - C{0),uj^) is 
symplectomorphic to the spherical shell (i?(vA^+^) — B{\),ujcn). The blow-up 
of in of size A is obtained by replacing the interior of the ball B{\/X^ + 5^) 
in with C{6). Thus, we have replaced the ball B{\) in with the zero section 
£(0) = CP'^^^, the exceptional divisor in C^. The manifold has a natural 
symplectic structure that is independent of the choice of (5 > 0. 

Let Q be a compact symplectic submanifold of codimension 2N in a symplectic 
manifold (M, w). Then lo can be written in a standard form in a neighborhood 
of Q. Details can be found in |MS98[ p. 249-251]. The normal bundle vq\m of 
Q in M has the structure of a 2iV-dimensional symplectic vector bundle with a 
compatible complex structure J. It is associated to a principal J7(A^)-bundle P, 
i.e., i^QiM = P X(7(Af) . This bundle has a symplectic form 

(4.1) uj' ^a + TT*Q{oj\Q), 

where ttq : i'qim — * Q is the natural projection and a is a closed 2-form on i'qim that 
restricts to the standard symplectic form on the fibers C^. A small neighborhood 
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of Q in (A/, Lj) is symplectomorphic to the disk bundle i^q^j^j = P ^u{N) ^{e) with 
symplectic form lj' for some e > 0. Using the standard form of the symplectic 
structure near Q, we can define small blow-ups along Q in Af. If A < £, then the 
size A blow-up of Q in M is simply the result of blowing up the origin in the fiber 
B{e), i.e. if i?(e) is the size A blow-up of the origin in -B(e), then the size A blow-up 
of Q in M is obtained by removing a neighborhood of Q and glueing in the manifold 
P ^u{N) B{£) in the obvious way. 

Proof of Corollarv \1.2l Under the triviahzation $ of {X, n, J, fi^) defined in p.7p . 
the section Sq in CP" x CP"+^ corresponds to 

§0 = {[s, q,X, Xn+l] e P I q = 0, X = 0}. 

Let Q = So X CF\ 

For all t e CP^, the fiber Xt contains §o x {t} as a symplectic submanifold and 
the diagram 

Xt ^ X ^ CP^ 

So X {t} Q ^ cpi 

commutes. It follows that the normal bundle of Q in X can be obtained by glueing 
the normal bundles of §o = §0 x {t} in Xt = Xt for aU t G CP^ Now let X denote 
a small symplectic blow-up along Q in A' in the neighborhood of Q on which (51^)' 
has the standard form (|4.ip . Then each fiber in X is of the form Xt x {t}, where 
Xt is the blow-up of §o in Xt . Hence the isotopy of r^^ lifts to the blow-up of 
in CP" X CP"+^ 

To see that we can blow up along 6*00 in CP" x CP"^"'^ , we repeat this construction 
with §0 replaced by 

§00 = {[s, 0, x, 0] G F I Xj = for j G {2, . . . , n}, sqXq + sixi ~ 0} 

and Q by the complex submanifold §00 x CP^ in X. □ 

Proof of Proposition^^ Assume we have an isotopy (iy9A)o<A<i such that ip\ ~ th^ 
and tfx restricts to the identity on ^oUS*^ for all A. We can then deform {fx)o<\<i 
to a homotopy (^a)o<a<i from t^m to the identity such that each ip\ fixes the 
neighborhoods 

N{So) = CP" X B{e,po) Z) So, 

where B(e,p) denotes an embedded size e (real) {2n + 2)-baU in CP"+^ centered 
at p = Po,PoD- We show that this leads to a contradiction as follows. Following 
|Gom95[ p. 534-535], we create a new smooth manifold M by performing a smooth 
surgery on CP" x CP"+"^ that takes place in the neighborhoods 7V(5o) and Af{Soo)- 
In the manifold M , the Dehn twist corresponds to a diffeomorphism that acts non- 
trivially on homology but is also homotopic to the identity. This is a contradiction. 

Choose a diffeomorphism : _B(|) \ {0} \ {0} of the punctured (2n -I- 2)- 

ball that turns it smoothly inside out, e.g.. 

Let CP be the manifold obtained by removing the points po and Poo from CP"*^ 
and identifying the open sets i?(|,po) \ {Po} and B{^,poc) \ {Poc} via the map 0. 
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Let 

n+1 

M = CP" X CP . 

Since the surgery took place on neighborhoods on which the Dehn twist tl and 
the homotopy (<^a)o<a<i restrict to the identity, tl induces a difFeomorphism tl 
of AI homotopic to the identity. The manifold M contains a {2n + l)-cycle C with 
non-trivial intersection with L. Indeed, let 

r = {[.To : : • • • : : - ^^oj S CP"+^ | < xo < /i} 

be the image of a path from po to poo in CP""*"^. Then CP" x F gives rise to a 
(2n + l)-cycle C in M that intersects the Lagrangian (2n + l)-sphere exactly 
once, namely at the point 

([l:0---:0],[l:0:---:0: V^;7^])eAf, 

and the intersection is transverse. In particular, L represents a non-trivial element 
in the homology of M. By |ST01i (1.5)], the Dehn twist tl acts on the homology 
class of C by adding the homology class of i to it. See also Figure [TJ □ 
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